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Abstract 

The zeta function of an integral lattice A is the generating function 

OO 

CaO) = XI a n n~ s , whose coefficients count the number of left ideals 

71 =0 

of A of index n. We derive a formula for the zeta function of Ai <S> A 2 , 
where Ai and A 2 are Z-orders contained in finite-dimensional semisim¬ 
ple Q-algebras that satisfy a “locally coprime” condition. We apply 
the formula obtained above to Z S <S> Z T and obtain the zeta function 
of the adjacency algebra of the direct product of two finite association 
schemes (X, S ) and (Y, T) in several cases where the Z-orders T.S and 
ZT are locally coprime and their zeta functions are known. 
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1. Introduction 

Suppose A is a Z-order in a finite-dimensional Q-algebra A, V is a finite¬ 
dimensional A-modulc, and L is a full A-lattice in V; i.e. a free Z-submodulc 
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of V with QL = V. Solomon’s zeta function is the function of a complex 
variable s defined by 

<A(L,s) = Y.( L:N y 

NCL 

where N runs over all full A-sublattices of L. (The reader should be mindful 
that this was denoted £l(s; A) in |7].) For each positive integer n, let a n be 
the number of full A-sublattices of L with index n. Then 

OO 

Ca (L,s) = ^a n n _s . 

n =1 

We will not deal here with issues of convergence or continuation of these 
series, except to say it is well-known that they do converge uniformly on a 
region in the complex plane where the real part of s is sufficiently large. In 
[7], Louis Solomon establishes several results for (\(L, s ) when A is an order 
in a finite-dimensional semisimple Q-algebra, the first of these being an Euler 
product formula 

Ca (L,s) = JJCa p (£ p ,s). 

p 

Here p runs through the rational primes p, and A p and L p are the p-adic 
completions of A and L, respectively, obtained by tensoring with the ring of 
p-adic integers Z p . (Although Solomon uses this notation for p-localizations, 
this does not make a difference to the zeta function - see [7J Lemma 9].) 
If the semisimple algebra Q P A P decomposes as ©( l =1 M ri (D i ), where the p- 
adic division algebras Di occurring in this decomposition have index m*, 
the center of Di has ring of integers it,, and each simple component has 
maximal order T p i , then we can compute the p-aclic zeta function Cr p (T p , s ). 
To do so, hrst decompose the Q p A-module Q p <E>q V into its homogeneous 
components. This expresses it as a direct sum of modules V Pj i, each of which 
is isomorphic to a direct sum of /c,-copies of an irreducible M n (T),)-module, 
for i = 1 ,,h. The lattice L p similarly decomposes as the direct sum of 
L p / s, each a sublattice of V Pii . According to Hey’s formula (see P pg. 145]) 

Cry (L p ,s) = UhCr^L^s) 

= nti U-'Lo Cr i {rpriiS - jm/,. 

Here (r/s) is the usual Dedekind zeta function; i.e. 

V 
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where V runs over all maximal ideals of the Dedekind domain R, and M(V) 
is the least power of the positive integral prime p G V that generates the 
norm of the ideal V. For all but finitely many primes p, the Z p -order A p is 
a maximal order of Q P A, so the problem reduces to calculating (a p (L p , s ) for 
these particular primes. 

In the particular case of the regular left A-rnodule V = a-A, we write 
Ca(s) for £a(A, s). In this case the left A-sublattices of A of index n are 
the Z-free left ideals of A with index n. In [7], Louis Solomon established 
several results for the zeta function of the integral group ring 7LG treated 
as an order in Q G. Up to now explicit formulas expressing zeta functions 
of integral group rings in terms of products of Dedekind zeta functions of 
number fields have been found in a few instances. The first was the case of 
the integral group ring Z C p of a cyclic group of prime order p, whose zeta 
function is (see [Tj Theorem 1]) 

C zc P (s) = (1 -p~ s +p 1_2s )Cz(s)Cz[ £p ](s), 

where e p denotes a primitive root of unity of order p. 

We will be interested in Z-orders in the Q-adjacency algebras of finite 
association schemes. An association scheme is a purely combinatorial object 
generalizing the set of orbitals of a transitive permutation group. Let X be 
a finite set and let S' be a partition of X x X which does not contain the 
empty set. We say that the pair (A", S) is an association scheme if it satisfies 
the following conditions (see 0): 

(i) {(x, x) \ x e X} is a member of S'; 

(ii) For each s G S', s* = {(x,y) \ (y,x) G s} is a member of S'; 

(iii) For all s,t,u G S', the size of {z G X \ (. x , z) G s, (z, y) G t} is constant 
whenever (x, y ) G u. 

Each relation s G S' has a corresponding adjacency matrix a s whose rows 
and columns are indexed by the elements of X as follows: 


(o’*) 


x,y ~ 



if (x,y) G s 
if (x,y) i s. 


The pair (A, S') is an association scheme if and only if 
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(i) The identity matrix is a member of {cr s | s G S'}; 

(ii) E, e s a s = J, the all l’s matrix whose rows and columns are indexed 
by X; 

(iii) for all s G S, a s * = aj, where aj is the transpose of the matrix <r s ; 
and 

(iv) For all s, t G S the matrix product a s a t is a nonnegative integer linear 
combination of {oy | s G S}. 

For an association scheme (A", S) we denote the set of Z-linear combinations 
of {cr s | s G S'} by ZS, and for a ring R with unity we denote the tensor 
product R®iZS by RS. The above conditions imply that RS is a subalgebra 
of the full matrix algebra of degree |A| over R, which is called the adjacency 
algebra of (A, S) over R. It is well-known that RS is semisimple if R is an 
extension held of Q (see [2]). In particular, ZS is naturally a Z-order in the 
semisimple algebra QS'. 

Recently formulas for the zeta function for ZS were produced for some 
schemes of small rank [2]. We will consider the problem of expressing the 
zeta function of a tensor product of two integral adjacency algebras. The 
approach of the present paper is based on ideas used by Hironaka |4| to 
extend the calculation of (zc p (s) to the calculation of Czc n ( s ) f° r n a square- 
free integer. The methods of this paper will allow us to extend the cases 
where the zeta function is known to certain direct products of these known 
cases. 

2. Zeta functions for rank 2 orders over rings of p-adic integers 

Let R be the ring of integers of a p-adic number held F. This means the 
held F is a finite extension of the usual p-adic held Q p , and its ring of integers 
is a local PID with maximal ideal tcR for some n e R. The degree of the 
extension F/Q p is e/, where / is its residue degree and e is its ramification 
index. This means [R : ttR] = pf and n e R = pR for the unique integer prime 
p for which p G nR. 

Let A be a Z-lattice of rank 2. This means A is an R-free subring of QA, 
and A = R1 + Rx for some x G A \ Rl. In this case the minimal polynomial 
of x has degree 2 in Z[x\. We will assume the (monic) minimal polynomial of 
x is reducible in Z[x], so it factors as the product of (not necessarily distinct) 
linear factors. By a shift of variable we may assume the minimal polynomial 
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of x has the form x{x — n) for some integer n. We wish to calculate the zeta 
function of RA under these assumptions, for our p-adic ring of integers R. 

For a nonzero integer n we define [n] to be the maximal positive integer 
[n] for which p ^ divides n. 

Theorem 1. Let F be an extension of Q p with residue degree f and ramifi¬ 
cation index e. Let R be the ring of integers of F and let n G R be chosen 
so that 7iR is the maximal ideal of R. 

Let RA = R[x]/x(x — n)R[x}. 

(i) If n = 0, then (ra(s) = (1 — pf( 1 ~ 2s '))- 1 (l _£,/(-*))- 1 . 

(ii) If n 0, then 

e[n] — l 

c R a(s) = y p /r2(i - 2s) (i -/ (_s) ) _ 1 +p /e[n](1_2s) (i -p /(_s) ) -2 - 

T2=0 


Proof. Note that {1, a:} is an R- basis of RA. Let / be an R- free ideal of RA 
with finite index; i.e. / is a free /f-submodiile that is an ideal of RA. Since 
/ is a free -R-submodule, it has a generating set of the form {7r ri + ax, 7T r2 x}, 
where a E R is given up to addition modulo 7 F 2 R. For such a submodule, 
we have [RA : I] — [R : 7ri?] (ri+r2 ) = pR ri+r2 f 

Since / is an ideal of RA, it must be closed under multiplication by x, 
and this imposes extra conditions on our generating set. In particular, using 
the fact that x 2 = nx in RA, we must have that 

x(n ri + ax) = ( 7 r ri + an)x = Ci(7r ri + ax) + c 2 ( 7T r2 x), 3c\, c 2 G R, and 
xfi t T 2 x) = ( 7 T r2 n)x = di(7r ri + ax) + d 2 (7r r2 a;), 3di, d 2 G R. 

The second equation has a unique solution: di = 0 and d 2 = n. In the first 
equation, c 1 = 0, so it reduces to 7 r ri + an = c 2 7 T r2 . The number of distinct 
ideals for a fixed pair of nonnegative integers rq and r 2 is 

N(ri,r 2 ) = |{a G R/7T r2 R : 7r ri + an G n r2 R}\. 

When n = 0 (which is allowed), the condition reduces to rq > r 2 and we 
have iV(ri,r 2 ) = p^ r2 . On the other hand, when n 0, we have that nR = 
p[n ] R = 7T e [ n ^R. When 0 < r 2 < e[n], then we will have r 2 < rq, so every a G R 
satisfies 7 r ri + an G n r2 R. This means that N{r 1 ,r 2 ) = \R : 7 r r 2 i?| = p ^ r2 in 
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this case. However, when e[n] < r 2 we will have tt r2 /n G tt r2 R. The condition 
then reduces to a G TT ri jn + ( tt T2 /n)R. The number of equivalence classes in 
R / 7 r r2 R satisfying this condition is pf r 2 /p/ r ' 2_e N — p e M. 

We can now compute the zeta function of RA directly in each case. If 
n — 0 , then 


Cra(s) = E ra >oE, 1 > ra P /ra P /( ” +riM "* 1 

— V r)f r 2 <J-s) n fri(-s) 

Zjr 2 >0” Z^ri>r 2 ” 

= E, 2 > 0 p /r 2 ( 1 'V r 2 t " s) (i-P /( 

= (1 _ p /(l-2h)-l(l _ p/l-s))- 1 . 


When n 7 ^ 0, we get 


0?a(s) 


Er 2 En N (ri, r 2 )p /(n+r2)( s) 

W , , W r) fr 2 n f(ri+r 2 )(-s) 

Z—/0<r2<e[n] Z—jr\>r2 ** ** 

4- W , , V r , n e[n]„/(n+r 2 )(-s) 

^ Z_^r2>e[n] Z-/ri>e[n ]^ 

V e[nl_1 s) y- /r-i(-s) 

Z-^sr2=0 r Z-^n>r2 ** 

, e[n] y^ „/r 2 (- 5 ) y^ r , rjAiHO 

'ir Z—/r2>e[n] r Z-^n>e[n] ^ 

E C[ -0 V r2(1-2 ‘ ) ( 1 — pf( -s )) -1 -f p/e[n]( 1 -2s)^ _p/( _s )) _2 . 


□ 

We remark that the above approach is valid when n = 0 because it does 
not require that A be contained in a maximal order of Q p A. If R is the 
ring of integers of an algebraic number field K , then in order to apply this 
approach we need to establish an Euler product formula in the absence of 
the semisimplicity condition. Let spec(R) be the set of nonzero prime ideals 
of R. Suppose A is an A-order in a nonsemisimple id-algebra A, and L is a 
full A-lattice in an A-module V. By | 6 ] Theorem 1.8.8] if M is a full A-lattice 
with finite index in L , then 

L/M ~ 0 L v /M v , 

VGspec(R) 

and L-p/M-p can be nontrivial for only finitely many primes V in spec(R). It 
follows that [L : M] = Y\p[Lp '■ Afp], and this product has only finitely many 
factors larger than 1. Furthermore, for any selection of full Ap-lattices {Mp} 
with all but finitely many equal to Lp, it follows from [ 6 j Lemma 1.8.8] that 
there exists a full A-lattice M with the selected "P-localization at every prime 
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V. Therefore, keeping in mind these products are finite and the indices are 
all powers of individual rational primes p, we get 


Ca (L,s) = E [L :M]<JL :M}- 

= Em( Ilv[ L v'■ m v]) 

= n V (T,m v [Lp ■■ Mv]~ a ) 

= UvCa v (L v ,s). 

Therefore, the factors in this Euler product can be computed using the above 
Lemma even in the case where Q p A is not semisimple. 

As a corollary we can generalize Hanaki and Hirasaka’s calculation of the 
zeta function of an integral adjacency algebra of an association scheme of 
rank 2 to larger coefficient rings. 

Corollary 2. Let (Y, T) be an association scheme of rank 2 and order n. 
Let p be a prime divisor of n. Suppose F is an extension of Q p with residue 
degree f and ramification index e, and let R be its ring of integers. Then 

e[n] — l 

(rt(s ) = p fr2[1 ~ 2s) ( 1 - p 1 ^)- 1 + P fe[n]{1 ~ 2s) {l - p f{ - s) )~ 2 ■ 

V2=0 

Proof. Under these assumptions T = {cr 0 ,cri}, where is the adjacency 
matrix of the ordinary complete graph on n vertices K n , whose minimal 
polynomial is p,{x) = (x — (n — l))(a; + 1). It is easy to see that RT = R[<Ji}. 
By the change of variable x H> x — 1 we have RT ~ R[x]/x(x — n)R[x]. So 
Theorem [T] can be applied to calculate the zeta function of RT directly. □ 


3. Zeta functions for tensor products of locally coprime orders 

In this section we consider the calculation of the zeta function of the 
tensor product of two Z-orders Ai and A 2 under certain conditions. Since Ai 
and A 2 contain Z-bases bi and b 2 , we have that ZAi = Zbi and ZA 2 = Zb 2 , 
where this notation denotes the integer span of the given set. This means 
that for any extension 7 Z of Z, we will have 


1Z (E>z (Ai ®z A 2 ) 


7 Z Z[bi x b 2 ] 

TZ[hi x b 2 ] 

TZh\ 7^b 2 
1ZA.\ ®tz LZA.2- 
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Now for the conditions on the pair of orders Ax and A 2 , first we require 
that QA] and QA 2 are finite-dimensional commutative semisimple algebras. 
This implies that Ai and A 2 are contained in maximal orders Ti and T 2 , 
respectively, and we can write 

Ti ~ ^LiRij,i = 1 , 2 , 


where R tJ is the ring of integers in the algebraic number field F tJ that appears 
as the center of the j'-th simple component of QAj. For a given rational prime 
p, we will assume F l3 has splitting degree g l3 , that Viji, ... ,Vij 9ij are the 
distinct primes of F l3 lying above p, and that R l3 k is the completion 
for k = 1,.. .,g i3 . 

Second, we will require that the two orders Ai and A 2 are locally coprime , 
which means that for all primes p, either Z p Ai is a maximal order in Q p Ai or 
Z p A 2 is a maximal order in Q p A 2 . Under these two conditions we will obtain 
an expression for [Ai <g) A 2 ] for all primes p. 

The zeta function for Ai <E>z, A 2 will be expressed using the Euler product 
formula: if A is an order in a semisimple algebra and T p is a maximal order 
of Q P A containing Z p A for all rational primes p, then 


CaO) = CrO) Yl 

peB 


Cz p A(s) 

Cr■» * 


where B is the set of primes p for which Z p A is not a maximal order of Q p A. 

Theorem 3. Let A] and A 2 be orders in commutative semisimple Q-algebras 
QA] and QA 2 , respectively. Suppose that A] and A 2 are locally coprime. Let 
T i = and T 2 = ©] R- 2 j be maximal orders containing Ai and A 2 . 

For each rational prime p, we have gij , Rjjk, fijk, and ei 3 k as defined above, so 
in particular R. l3 k is a direct summand of the maximal order Q P T,; of Q P A* for 
all primes p and i — 1,2. Let Bj be the set of primes p for which Q p A j Q p Tj 
for i = 1,2. Then 


Cz[Ai®a 2 ]( s ) — Cri®r 2 ( s )^Bi( s )^B 2 (' s )) 


<Ws) 


h 2 92j 

nnn 


pGB i j =1 k =1 


C-R 2j 'fcAi (5) 

CR 2j k^i ( s ) ’ 


where 



and 


5b 2 (s) 


h i gij 

nnn 


p&B2j= 1 k =1 


C-RijfeA2 (®) 
Ciiij fc r 2 (s) 


Proof. By the Euler product formula, it suffices to verify the formula for 
Sb 1 {s). If p e Bi, then Z p A 2 is a maximal order in Q p A 2 , so our notation 
says that 

Z p A 2 ~ ® f j=l ©fc=l B,2jk- 

Now, we have that 


Z p ® [Ai ® A 2 ] ~ Z p Ai <8) Zp Z p A 2 

~ z p A! (eji, efii i? 2ifc ) 

= ©jhi ©*=]. A^fcAi. 

It follows that 

/l2 92j 

Cz p [Ai®A 2 ](s) = IIII Cfl^fcAi (s) 

i=i fc=i 

The formula for 5bx (s) is now a consequence of the Euler product formula. □ 

It is straightforward to extend this idea to the tensor product of finitely 
many orders that are locally coprime, where this is taken to mean that for 
any rational prime p, at most one of the p-adic completions of the orders is 
not a maximal order in its overlying Q p -algebra. 

The direct product of (X,S) and (Y, T) is the scheme (X x Y, S x T ) 
whose adjacency matrices are the pairwise tensor products of the adjacency 
matrices of S with those of T. (see [9j §7]). This produces a Q-algebra with 
a predictable Wedderburn decomposition since 


Q[S x T] ~ QS Q T. 


Since 7LS and ZT are orders with 


Z [S xT]~ 7LS ZT, 

it is clear that the approach of section 3 can be directly applied in cases where 
we have two commutative association schemes whose integral scheme rings 
are locally coprime. We will give several examples where this does occur in 
the next section. 
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4. Examples of explicit zeta functions 

In this section we apply the results and methods of section 2 and 3 to 
produce explicit zeta functions in several new instances. Our first application 
combines the notation of section 3 with Corollary [2j 

Proposition 4. Let ( Y,T ) be an association scheme of rank 2 and order n. 
Let R be the ring of integers in an algebraic number field F. For each prime 
p, let g p be the splitting degree of F at p, let R p i ,..., R pgp be the distinct 
p-adic completions of R at the primes of F lying over p, and suppose the 
quotient field of each R P j has residue degree f P j and ramification index e P j. 
Then 

c R rw=c*M 2 nn!# 

p\n j =1 ^ Rpj ^ ' 

where Cr^t^s) is calculated for the p-adic ring of integers R P j using the for¬ 
mula of Corollary [H in terms of n, e P j, and f P j. 

Proof. This is a consequence of the Euler product formula. The set of rational 
primes B where 7LT is not a maximal order of Q T is the set of divisors of n. 
This means the set of primes V of F for which RT is not a maximal order 
of FT is contained in the set of primes of F lying over a prime dividing n. 
The square of the Dedekind zeta function occurs because the maximal order 
of FT is the direct sum of two copies of R. The square in the denominator 
occurs because the maximal order containing R P jT is a direct sum of two 
copies of R P j. □ 

For our main applications we give several examples of zeta functions for 
locally coprime pairs of integral adjacency algebras of association schemes 
among those whose zeta functions were known previously. 

Example 5. Consider the special case of the zeta function of the integral 
adjacency algebra of the direct product S' x T of two association schemes 
in which the second scheme is the group C 2 . In this case in the notation of 
section 3 we have B 2 = {2} and T 2 = Z©Z. Let (X, S ) be any commutative 
scheme for which h 2 S is a maximal order of Q 2 S. Using the notation of 
section 3, write the Wedderburn decomposition of Q 2 S as ®jL x ©^d, F\jk- 
Then in the notation of Theorem [3] we have 

hi gij 

5b 2 (s ) = Y[ na - 2 ~ fljkS + 2- /l ^ {1 “ 2s) ). 

j =1 k= 1 
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For an easy explicit example, we will give the zeta function of ZC *6 — 
Z[C 3 x C 2 \ (though it should be noted that Hironaka’s results will give this 
by essentially the same method). In this case B\ = {3} and B 2 = {2} so ZC 3 
and ZC 2 are locally coprime. The Wedderburn decomposition of Q[C *3 x (7 2 ] 
is Q © Q © Q(£ 3 ) © Q(e 3 ). Q 2 (£ 3 ) is unramified of degree / = 2. Therefore, 
from Theorem [3] and Corollary [21 we have 

C z[c 3 xc 2 \( s ) = Cz(s) 2 Cz[ £ 3 ](s ) 2 x (1 — + 3 (1 ~ 2a) )(1 — 3~ 2i + 3 2(1-2s) ) 

x (l- 2 - s + 2 b- 2s )) 2 . 

We can even say something about the 2-adic zeta function of S x C 2 when 
the association scheme S is not commutative, as long as 7L 2 S is a maximal 
order of Q 2 S. If the Wedderburn decomposition of Q 2 S is 

h 2 9lj 

Q 2 S~ ©© M ry fc (-Dyfc), 

j =1 k =1 

and the 2-adic divison algebras have index mijk and center F i]k} then 
the fact that the maximal order containing Z 2 T is the direct sum of two 
copies of Z 2 implies that 


hi gij 

Cz,[s«7i(s) = nib 1 - 2_/u “ + 2-^* (I " 2s >)Cr w (s) 2 , 

j =1 k =1 

where is a maximal order of the local central simple algebra M rijk (Dij k ), 
whose zeta function can be calculated using Hey’s formula. 

Example 6. Next we give the zeta function of Z[S x T], where S and T are 
association schemes of rank 2 having coprime orders m and n, respectively. 
These scheme rings are the integral adjacency algebras of the ordinary com¬ 
plete graphs K m and K n and it is convenient to use this notation. In this case 
B\ is the set of primes dividing m, and B 2 is the set of primes dividing n, so 
the assumption (m, n) = 1 implies that Z K m and Z K n are locally coprime. 
The Wedderburn decomposition of Q [K m x K n ] consists of the direct sum of 
4 copies of Q, so by a direct application of Theorem [31 we find 
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4 


,[K m xA n ]V' : v — 


xn 

X IIg|n 


(E [ml -V 1 p r2 ( 1 “2 S )(l — P^ _S ' ) ) _1 ) + pHp(!- 2 s)(l _p(-s))-2\ 2 
Pl m l (1 _ p-s )-2 

(E [ ” 1 'o 1 9 ra(1 - 2s) ( 1 — g* - ^)” 1 ) + g[ n h( 1_2s )(l — 


—s )\—2 \ 2 


(1 - q~~ s )~ 2 

= &m 4 x n„| ro ((eStV 2 ' 1 - 2 *^ -p-*)) + p h„(.-2.)V 
X n»|„ ((E'to 1 9’ a<1 - 2,) (l - <!-)) + 9 1 ” 1 -' 1 - 2 * 1 ) 2 


where p runs over prime divisors of m and q runs over prime divisors of n. 

This formula generalizes immediately to the product of any number of 
rank 2 schemes of pairwise coprime orders. 

Example 7. Finally, we give the zeta function of 7h\C p x K n ], where Z[/h n ] is 
the adjacency algebra of the rank 2 scheme of order n and p is a prime that 
does not divide n. In this case the Wedderburn decomposition of Q[C P x K n \ 
is Q[C P x K n \ — Q © Q © Q(e p ) © Q(e p ). Note that, in our notation we will 
have hi = h -2 = 2. Suppose that for each prime divisor q of n, Q q(e p ) has 
residue degree f q . Then there are g q = (p — 1 )/f q primes of Z q [e p ] lying over 
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q. By Theorem EJ we have 

Cz[c„xjr„](s) = Cz(s) * 2 Cz[ £p ](s) 2 (l - p~ s + p 1 - 28 ) 2 H q]n njii Yll=i ^ ljkK ^ 2 

= us) 2 ( z[£p] (s) 2 * * * (i-p- 8 + P i - 2 r 

„ /(ESo 1 g r2(1 “ 2s) )(l - g ' 8 )" 1 + q^- 2s \ 1 - g- s )“ 2 

x (-=-- 

g~ZqSW -)- qfqMqO--2s) _ ^-f q -S\-2\\ 

(1 - q-f**)- 2 

= Cz(«) 2 Cz [£p ]( S ) 2 (l-p- s +P 1 - 2s ) 2 

^ n* («eSo 1 -«-)+9 w - (i - 2 ‘)) 

x ( nfc. 1 )//, (El n -o 1 g /9r2(1_2s) )(l - g _/gS ) + g^ ? [”] ? ( 1—2s )) 

Again it should be straightforward to generalize this formula to give the zeta 
function of Z [C m x T], where T is a rank 2 scheme of order n and m is a 
square-free positive integer that is relatively prime to n. 

Zeta functions have been described for C p x C p for a prime p [ 8 ], C p 2 for 
a prime p [5] and nonabclian metacyclic groups of type C p x C q for a prime 
p and a prime q dividing p — 1 [4j. The formulas for these are a bit more 
complicated, but in all of these cases the sets of “bad” primes are precisely 
the primes dividing the order of the group. The direct product of any of these 
groups with a cyclic group of coprime square-free coprime order or a rank 

2 scheme of coprime order can be handled using the present methods. For 

example, the zeta functions of the integral scheme rings of (C 2 x C2) X A 3 , 

C 4 x C 3 , or S 3 x Ii 5 can be established from their results using an application 

of Theorem [3J 

The explicit formulas for the zeta function of C 2 x C 2 and C 3 x C 3 pre¬ 

sented by Takagehara [ 8 ] indicate that it will be considerably more difficult 
to calculate the zeta function of the tensor product of two integral adjacency 

algebras that are not locally coprime. 


x nn 






13 





References 


[1] C. Bushnell and I. Reiner, Zeta functions of arithmetic orders and 
Solomon’s conjectures, Math. Z., 173 (1980), 135-161. 

[2] A. Hanaki, Semisimplicity of adjacency algebras of association schemes, 
J. Algebra, 225 (2000), no. 1, 124-129. 

[3] A. Hanaki and M. Hirasaka, The zeta function of the integral adjacency 
algebra of association scheme of rank 2, Hokkaido Math. J., to appear. 

[4] Y. Hironaka, Zeta functions of integral group rings of metacyclic groups, 
Tskuba Math. J , 5 (2), (1981), 267-283. 

[5] I. Reiner, Zeta functions of integral representations, Comm. Algebra, 8 
(10), (1980), 911-925. 

[ 6 ] K. W. Roggenkamp and V. Huber-Dyson, Lattices over Orders, I, Lec¬ 
ture Notes in Mathematics, No. 115, Springer-Verlag, 1970. 

[7] L. Solomon, Zeta functions and integral representation theory, Adv. 
Math. 26 (1977), 306-326. 

[8] Y. Takegahara, Zeta functions of integral group rings of abelian (p,p)- 
groups, Comm. Algebra, 15 ( 12 ), (1992), 2565-2615. 

[9] P.-H. Zieschang, Theory of Association Schemes, Springer-Verlag, 2005. 


14 



